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MOTION OF A SYMMETRIC RIGID BODY
SUBJECTED TO A SPECIALIZED BODY-FIXED FORCE

T. R. Kanet and B. S. CHiaj

Department of Applied Mechanics, Stanford University, Stanford, California

Abstract—Exact dynamical and kinematical equations governing the attitude and translational motions of a
symmetric rigid body under the action of a specialized body-fixed force are formulated. From these equations,
an analytical, but approximate, description of the behavior of the system is obtained and the validity of the
solution is then tested by comparing its predictions with those of digital computer solutions of the exact equations
of motion.

INTRODUCTION

THE problem of determining the motion of a rigid body under the action of a constant,
body-fixed force whose line of action fails to pass through the center of mass is so simple
from a physical point of view that it may be surprising that no complete, analytical solution
appears to be possible. In fact, not even the Euler dynamical equations for this problem
have been solved in closed form for the general case, that is, for a body with unequal
centroidal principal moments of inertia and for an arbitrary orientation of the line of action
of the force. (Leimanis and Lee {1, 2] developed expressions for the angular velocity for the
special case of a force placed so that its moment about the center of mass is parallel to a
centroidal principal axis, but these expressions involve integrals which, in general, cannot
be evaluated by quadrature ; and Grammel [3] constructed approximate solutions of Euler’s
dynamical equations.) Hence it is natural to seek solutions of related, but somewhat simpler
problems.

A major step in the direction of decreased analytical complexity can be taken by
confining attention to a body whose inertia ellipsoid for the mass center is axisymmetric.
One of the first to deal with this problem was Bédewadt [4], who showed that the solution
of Euler’s dynamical equations can be expressed in terms of integrals of the Fresnel type.§
Unfortunately, the next step of his solution, that of integrating a set of kinematical equations,
was based on a false premise, because, as may be verified by substitution from equation (49)
into (42) of [4], the method proposed by Bédewadt is valid only when the matrices U and W’
commute, which is not the case for the problem at hand. Consequently, the orientation of
the body remains to be determined as a function of time. The same problem was also
attacked by Auelmann [5], who attempted to find a closed-form solution to the kinematical
equations. While falling short of this goal, he succeeded in obtaining an expression for the
angle between the symmetry axis and the initial direction of the symmetry axis for the
special case when the initial angular velocity is normal to the symmetry axis.

T Professor of Applied Mechanics.
1 Research Assistant.
§ An English account of Bédewadt’s work appears in chapter 10 of Leimanis’ book [1].
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A further simplification results from restricting oneself to consideration of body-fixed
forces whose lines of action lie in the plane containing the mass center and normal to the
symmetry axis. A very elegant treatment of one facet of this problem was presented by
Valeev [6], who used continued fractions to obtain a description of the motion of a space-
fixed unit vector relative to three body-fixed unit vectors parallel to principal axes of
inertia for the mass center. It is the purpose of the present paper to present a complete,
albeit approximate, solution of the same problem, for both the rotational and translational
motion.

The paper begins with a detailed description of the system to be studied and the
mathematical quantities to be used in the analysis are defined. Next, exact dynamical and
kinematical equations governing attitude motions are formulated ; the dynamical equations
are solved exactly ; and an approximate solution to the kinematical equations is obtained.
The validity of the approximate solution is then tested by comparison with digital computer
integrations of the exact equations. Finally, the motion of the mass center is studied in
terms of an approximate analytical solution and results are once again tested by means of
comparisons with solutions obtained by numerical integrations.

SYSTEM DESCRIPTION

The system to be analyzed is shown in Fig. 1, where B represents an axially symmetric
rigid body of mass m. The center of mass of B, designated B*, is located by a position vector
X relative to a point 0 that is fixed in an inertial reference frame A. Mutually perpendicular
unit vectorsa,,a, and a; = a, x a, are fixed in A and mutually perpendicular unit vectors
b,,b, and b; = b, xb, are fixed in B parallel to principal axes of inertia of B for B*, with
b; parallel to the symmetry axis of B.

The moments of inertia of B with respect to lines passing through B* and parallel to
b,, b, and b; have the values I, I and J, respectively.

J

A

Fi1G. 1. Model of an axially symmetric rigid body.
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It is presumed that B is subjected to the action of a force F of constant magnitude and
fixed direction in B. This force is applied to B at a fixed point Q which is located relative to
B* by a vector q. Furthermore, it is assumed that both F and q are perpendicular to b;.
Hence, if the nine scalar quantities x;, F; and g{i = 1, 2, 3) are defined as

x,~é X.a (1)
F,AF.b, (i=1,23) )
qié q.b; 3)

then F3 = q3 = 0
When the force F exerted on B at Q is replaced with a force applied at B* together with
a couple of torque T, then

T=qxF = Th, 4)
where Tis defined as

T2 g, F,—q,F,. (5)

ATTITUDE MOTION

The work that follows is facilitated by introducing a reference frame C which is fixed
neither in the body B nor in the inertial reference frame A, but is constrained to move in
such a way that a unit vector ¢;, fixed in C, remains at all times equal to the unit vector b,
which is fixed in B. The angular velocity of B relative to C, to be denoted by ‘®?, is then
necessarily parallel to ¢; and can be expressed as

Cof = sc, (6)

where s is a function of time . As will be seen presently, it is the choice of s which furnishes
the key to the solution of the problem at hand. However, no matter how s is chosen, the
angular velocity of C relative to 4, ®¢, can be expressed as

“0C = pic; +p,ye, +psc; (7

where p(i = 1,2, 3)are functions oft,and ¢, and ¢, are unit vectors fixed in C, perpendicular
to each other and such that ¢, x¢, = ¢;. It then follows that the angular velocity of B
relative to A4 is given by

408 = pie; +pyc,+(ps+ ). 8)

As by = c;, it follows from equation (4) that the moment about B* of the force F can
be expressed as

T = Te, )

and, in accordance with the angular momentum principle, the quantities p,, p,, p; and s
are thus related to each other as follows:

Ipy+pa[Js—(I—J)ps] =0 (10
Ip,—p[Js—(I=J)p;]1 =0 (11)
Jps+35)=T. (12)
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Equations {10)+(12) contain four unknown quantities, p,, p,, p; and s. However, s was
introduced solely for the purpose of facilitating the analysis and may, therefore, be chosen
at will; and a choice which, indeed, simplifies the subsequent analysis is

s =Lp, (13)
where L is defined as
I-J
L2 — (14)
Now, if p;o denotes the initial value of p{i = 1,2, 3) and 4 is defined as
T
e 7 (15)
thensubstitution fromequation(13)into{10)-(12), followed by integration of these equations,
yields
P1 = Pio» P2 =P, P3=A+p30- (16)
Furthermore, from equations (13) and (16),
s = L(At+psq) (17

and the angular velocity of B in 4 can now be found by substitution into equation (8).
However, as it is advantageous to express “o® in terms of b, , b, and b;, rather thanc¢,, ¢,
and ¢;, a brief digression will prove useful.

If ¢, is taken to be equal to b, at t = 0 and 8 is defined as

i 3
e f sdt = L{3At? + psot) (18)
0

then 0 is the radian measure of the angle between b; and ¢, ; and if w,(i = 1, 2, 3) is now
defined as

w; 2@ b, (i=1273) (19)
it follows from equation (8) that
®; = pycosB+p,sind (20)
W, = —p,sinf+p,cos (21)
w3 = p3+S. (22)

Hence, if w,, denotes the initial value of (i = 1, 2, 3), then

W30

— — = A+
P1 = Wo> D2 = Wy, Ps 5L (23)
Wsg
= 4+ — 4
s L(A +I L) (24)

and

0=1L (%,uz +%39£z) 25)
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so that, substituting into equations (20)(22), one finds

Wy = W, COS 8+G}20 sin g

= J(w}o+w3o) cos[()+tan“(— %39)] (26)
10
Wy = —~Wyo sin 0+(D20 COS 6
= [l +v30) sin[9+tan"(— 9)39” 2N
Wyg
(1)3 = (1 +L)At+w30. (28)

Equations {25(28) constitute a complete solution of the dynamical equations of
rotational motion for the problem at hand. In order to describe the instantaneous orienta-
tion of B in A4, one must integrate yet one more set of differential equations, the so-called
kinematical equations.

Conceptually, the simplest way to obtain a complete description of the attitude motion
of Bin A would be to solve the nine first-order differential equations governing the elements
of the direction cosine matrix relating the body-fixed unit vectors b, , b,, b, to the space-
fixed unit vectors a,, a,, a;. However, since these equations are strongly coupled and
involve the time-dependent functions w,(i = 1, 2, 3) [see equations (26)—(28)], there appears
to be little hope of carrying such a solution to a successful conclusion. Alternatively, one
may take advantage of the relative simplicity of the differential equations governing the
elements of the direction cosine matrix relating ¢, ¢,, ¢; to a,, a,, a5 and of the fact that,
once the orientation of C in A4 is known, the orientation of B in 4 can be found easily,
because B performs a simple rotational motion in C and the time-dependence of the angle
f associated with this rotational motion is already known [see equation (25)}.

Accordingly, one may begin by defining a;(i, j = 1,2,3) as

Ay 4 a; (l,] =12, 3) (29)

and then take advantage of the fact that the first time-derivative of a; in 4 can be expressed as

4da, “da, .
—a‘t"l == ar +40¢ x a; i=123) (30)
Since a; is fixed in 4, this derivative is equal to zero. Using equation (7), one is thus led to

4;1€y +4;5C; + 4333 = (P3d;n — P2di3)Cy +(P1Gi3 — P38;)C, +(P2ti — P1aiz)es
(i=1,2,3). (31)

The quantities p,(i = 1,2, 3) appearing in equation (31) are known functions of ¢ [see
equations (23)]; furthermore, p, may be set equal to zero, for this implies only that

W0 =0 (32)

that is, that “@? is initially perpendicular to b,, which can always be arranged by choosing
the orientations of b, and b, in B suitably. Consequently, substitution from equations (16)
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into (31), and subsequent rearrangement, results in

Q1 — P30z = Ala;, (33)
Q12— P1oQiz + P3eGin = —Ata;, (i=1273) (34)
diz+Pprodi; = 0. (35)

The initial value of g;;, to be denoted by a,(0), depends on the initial orientation of
¢,, ¢, and ¢, relative to a,, a, and a;. If ¢; = a,att = 0, which can always be arranged by
choosing a,{i = 1, 2, 3) properly, then {see equations {29)]

a0)=6; (,j=123) (36)
where
SyR 1 (i=j), ;20  (i#)) (37

These initial conditions also imply that b,, b, and b are respectively parallel to a,, a,
and a; at ¢t = 0, since ¢, ¢, and ¢; initially coincide with by, b, and bh;, respectively.

Despite their relative simplicity, equations (33)+35) do not appear to admit of an exact
solution. Hence we shall resort to the following method of successive approximations:
integrate equations (33)}35) with 2 = 0, and require the solution to satisfy equation (36).
Next, substitute the resulting expressions for @;; and q;, into the right-hand members of
equations (33)-(35), integrate these equations and again require the solution to satisfy
equation (36). Finally, repeat this process once more. Since the expressions for
a;{i, j = 1,2,3) obtained in this way are quite lengthy, it is advantageous to cast the
associated approximate description of the attitude motion of C in 4 in a simpler, equivalent
form. This can be accomplished by defining p;, P; and P; as

po & \/(P%G'Fpgo), Py £ pio/po, Py £ pyo/po 38)

and then introducing a dextral set of orthogonal unit vectors, e, , e, and e;, fixed in reference
frame A4 in such a way that e, has the same directions as the initial angular velocity of C in
A, e, = a, and e; = e, x e,. Keeping in mind that ¢; = a; at t = 0, one can then express
the relation between ¢; and a,(i = 1,2, 3) as

e P, 0 Py la,
e; =10 1 0 |a, 39)
e —-Py 0 Py | |a,

from which it follows by reference to equations (29} that
e, ey, €2 €33 [y
e, | =1ey €2 €3] |€ (40)
€3 €31 €32 €33| | €

where
Piay,+ Pias;, Piay;+Psas, Pia3+Pyas;
[eij} £ Qs az; Az (41)

—Pya, +Pazy —Pa+Pas, —Pags+Pass
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and

2 2
0

Pof \Po Po P

—2P3P3+ 1+ P3)(1—cos pot) 42)

1 it)? .
€2 X —§P1P3 (-I—)—) sin pot — Py(2P; + P} + P33P} P} )( ) sin pot
0

'\

—-P, 1 )(1 —cos pot)+ 3P, P, (iz) (it-) (43)
P Do

Do

it At 1 t\? A
e3 X P3+P2(—} 2P2P3( ) +=PiP, (i) (1—cos pot)—P? (—5) sin pot
Po Po 2 Do Po
A 2
+P%P3( )( )sm pot—!—Pz(pz) (P3+ P34+ Py —3P3P3)(1 —cos pyt) (44)
0
At FIAEES 1 AV A2
e,; & Pysin pot + P} (p ) sin pot —2P3P, (Po) sin p0t+-2—P§ (%) <g) COS pot
2 A\ A3 1 A\ e
+ ZP2Pp, (——) (~) cos p t~—P3(—) (—
370008 \po 8 %pt  po
5 A\? 7 AV (At
— P} —)(1 cos t)+ ~P:p ( ) sin pot — = P3P. (——) (—) COoS pot
(pg Do 113 Po of =355 pg Do Po

A\ [Ar
+ PP
el )

4
sin pyt
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At 1 At
€r3 X '“'Pl Slnp0t+P1P3 7o Slnp0t+2P1( 4P3) — Slnpot

AYTH A2 1 -1]33
PP, ( ) (») COS pot — ~—P1(I 4P )( ) (—) €OSs pot
P Po Do

A\ T2 a4
e o
p3 Po Po

!
2
1
8
5 A2 A\? At
+=P3 —) sin pot + 3P (—) sin pot — P3( )( )
2 (pé Pt =T pg) SR o 31 \po

+;P11 7P)( )(’u) c0s pot 47)

it\?
e3; & — Py cos pot— P3 )cosp0t+2P Py (p ) COS pot
0

2
Po
1 A\ A3
sin pot + = PP( ) (a) $in pot
2 ( ) ( ) ° ? pé Po Po
1 A\ * 2y [ A s
+8 Cos pot + PiP3{— 2 (2+P + P P5—3P, P3)(1~cos pot)
0
7
5 ( )( )smpot+P1( )smpot (48)
P

e ~sinpt+1P(~z) (ﬁ) cospt+1P2()L)_l(At)3cospt
32 0231’0 Po O61P<2) Do ¢

1 Al 1 AV A
—=p2l = =} sin t+—P2(~—) (—) cOs pot
8 3(190) (Po) PO 3 03] (po) <0

A3 .

At
)cosp0t~— =P, (1—-4P;3 )( ) COS pylt
Po

1P ( ) ( sin pot P( 4P2)( )“1(it)3sin t
31 Py 7o Po 1 3 02 Do Do

-2 it 4
EP1 ( ) (i cos pot + P, P, ( - ) sin pot
8 p Pb

e33 = Py cospot — P Py (

1 AN At
4+ =P (1-7P2 (_.) (ﬁ) sin pyt
50 3) p% 7o Do

2
+P, (iz) (P2P%— P3P, +3P3P3 +3P2)(1—cos pot). (50)
Po
It is worth noting that, if p3¢ = 0, so that P, = 1 and P; = 0 [see equations (38)], then ¢;;

is equal to a;(i, j = 1, 2, 3) because e, is then equal to a,(i = 1,2, 3).



Motion of a symmetric rigid body subjected to a specialized body-fixed force 423

Equations (42)-{50) have been written in such a way that ¢ is always multiplied by 4 and
divided by p, when it appears outside of the argument of a trigonometric function and 4 is
divided by p§ when it is not multiplied by ¢. This representation of e;(i, j = 1, 2, 3) permits
one to carry out a systematic simplification of the equations and thus to arrive at approxi-
mate results which, as will be seen in the sequel, can furnish an entirely satisfactory
description of the motion under consideration. Specifically, dropping from equations
(42)-(50) all terms involving (4/p3)" with n > 1 and all terms involving (1t/po)™ withm > 3,
replacing At/p, and (it/py)® in equations (59)(67) with sin(At/p,) and 2[1 —cos(At/pe)],
respectively, and introducing new dimensionless parameters x and z as

A
x £ pot, z & — (51)
Po
one arrives at
ey = ky— Py Py(1 —cos zx){1 —cos x) {52)
ey, & — P Py(l ~cos zx) sin x (53)
ey & ky+ PIPy(1—cos zx)(1 —cos x) (54)
€1 ~ kysin x+kgcos x = (k] +k3) cos[x+tan“( fﬂ (55)
2 2 1 kS
ey & —kssin x+kg cos x = \/(kZ+kE cos| x+tan” i (56)
6
. 2.2 _k
€33 & —kysinx—k, cos x = /(k}+k3)cos| x+tan"'{ —— (57)
2
5 ky
ey & —kycos x+kysinx = \f(k3+kj)sin| x+tan” - (58)
4
M 2 AR -1 k5
€33 & kscos x+kgsinx = /(ki+k%)sin| x+tan T (59)
6
2 o _k
€33 & kycos x—k, sin x = /(k} +k3)sin| x +tan~ I (60)
2
where ky, ..., kg are defined as
k, & P, —P,P; sin zx — P,(1—4P%)(1 —cos zx) (61)
ky 2 PPyz™ (1 —cos zx) (62)
ky & Py+ P? sin zx —4P2Py(1 —cos zx) (63)
ky 2 P2z7'(1—cos zx) (64)
ks & Pyz7 (1 —cos zx) (65)
ke £ 1. (66)

Now that approximate expressions for the direction cosines ¢; (i,j = 1, 2, 3) are at
hand, approximate expressions for angles describing the orientation of the unit vectors
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¢y, ¢, and ¢, relative to e,, e, and e, can be constructed. One set of such angles can be
generated by aligning ¢; with e; (i = 1,2, 3) and then performing successive right-handed
rotations of C of amount &; about an axis parallel to ¢;, 8, about an axis parallel to ¢;,
and #, about an axis parallel to ¢;. These angles are then related to ¢;; (i,j = 1,2,3) as
follows:

. €13 —€33
sinf;, = ——5———, cos 0, = —— 2 (67
'S T+ ) Y 3w ) )
—1
sinf, = ——————5— e , cosf, = 68
2 622\/(6%3_*_8%3)(913331‘*‘923 32€33) 08 Uy = €33 (68)
. €31 €32
sinfy = —————, cosly = ——5———. (69
2= T e = i+ o) )

To determine the motion of the body-fixed unit vectors by, b, and b; relative to e,
e, and ey, it is only necessary to observe that equations (18), (38) and (51) permit one to
express 0, the angle between by and ¢, as

0 = L(3zx* + P3x) (70)

and that three angles, say ¢, ¢, and ¢, analogous to 8,, 8, and #;, but governing the
orientation of by, b, and b, relative to e, e, and e,, are given by

@, =0y, ©; = 0,, @3 = 0;+80. (71)

The parameters P; and P;, introduced in equations (38) for purposes of analytical
convenience, can be expressed in a physically more meaningful form after introducing
Q, and Q, as

w w
Q é 10 , Q é 30 . (72
'V Joheraty BT Joterat) )
Referring to equations (16), (23) and (72), one then obtains
1+L
P Q, P, Q;/(1+L) (73)

SN[ LN YAk ~ I 0ya+0

Evidently, ifeither Q, = 1(sothatQ; = 0)orQ, = 0(sothat Q; = 1), theneither P, = Q,
and P; = 0 or P, = 0 and P, = Q,, regardless of the value of L. This means that the
initial angular velocity of C is equal to that of B if B initially has a pure tumbling or pure
spinning motion.

In summary, given the dimensionless parameters €, Q,, L, z and x, one proceeds as
follows to evaluate ¢, ¢, and @, :

. compute P; and P; from equations (73);

. use equations (61)}H66) to evaluate k,,..., kg

. find ¢; (i,j = 1, 2, 3) from equations (52}-60);

. evaluate 6,, 8, and 8, by reference to equations (67)-(69);
. find 6 from equation (70};

. determine @, ¢, and ¢, by using equations (71).

[0 RV R IR S



Motion of a symmetric rigid body subjected to a specialized body-fixed force 425

A measure of the utility of the procedure described above may be obtained by com-
paring values of 8,, 8, and 8, found by means of this procedure with values resulting
from a numerical integration of equations (33)~(35), subsequent evaluation of ¢; (i,j =
1, 2, 3) by reference to equation (41), and determination of 8,, 6, and @, by inversion of
equations (67)+(69). Figures 2-5 each show 6,, 0, and 0, as functions of x, the values
corresponding to the digital computer solution of the exact equations being represented
by solid curves, whereas the approximate solution is represented by crosses; and each
figure applies to a different combination of values of Q;, Q;, L and z.

The accuracy of the approximate solutions is seen to be relatively insensitive to the
numerical values of Q,, Q5 (see Figs. 2-4) and L (see Figs. 3 and 4), but to decrease both

200
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Exact solution

x x x Approximate solution

-100 + - +
0 2-5 5-0 75 100 125 15-0 17-5 20-0
X

Fi1G. 2. Comparison of solutions for orientation angles. Q, = 1.0, Q; = 0,z = 0-01.

200

150

100

50

Exact solution

x x x Approximate solution

o 25 50 75 100 125 150 175 200
X
F1G. 3. Comparison of solutions for orientation angles. Q; = 0-70711, Q; = 0-70711, z = 0-01, L = 9-0.
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X

F1G. 4. Comparison of solutions for orientation angles. Q, = 0-70711, Q4 = 0070711, z = 0-01, L = 1.0,

when z increases (cf. Fig. 3 with Fig. 5) and when x increases (see Figs. 2-5). We note for
future reference that for z = 0-01 (see Figs. 2-4) the exact and the approximate value of 8,
(i = 1,2,3) are nearly indistinguishable from each other so long as x remains smaller
than 15-00 and that similarly good agreement obtains for z = 005 (see Fig. 5) for x < 2-5.

TRANSLATIONAL MOTION

To study the translational motion of B, that is, the motion of the mass center B* of B,
we recall the definitions of m, X and F; and, after defining X; (i = 1,2,3)and f; (i = 1, 2)
as

X, 2 X ¢ (74)
S 2 F/m (75)
express Newton’s Second Law of Motion in the form
X, = [ey,(f, cos 0—f, sin )+ e, ,(f; sin 0+ f; cos 6)] (76)
X, = [ey,(fi cos @— f, sin 0)+e,,(f; sin 8+ f; cos 6)] (77)
X3 = [es1(f; cos —f, sin 0) + e5,(f, sin 8+ £, cos 6)]. (78)

Equations (76)~(78) are coupled to the rotational motion of B by the quantities § and ¢;;
(i,j = 1,2,3). If these are eliminated by using equations (70) and (52)60) and if new
dimensionless quantities D;, %, { and f; are defined as

—%
D4 Xi(%) i=1273) (79)

>

. J; -
F 2 m i=1213) (80)
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F1G. 5. Comparison of solutions for orientation angles. ; = 0.70711, Q3 = 0-70711, z = 0:05, L = 9.0,

>
.

{ Lz

ﬁl LP3

B2 & (LP3+2)2

B3 & (LP3—2z)/2

.34 & (LP3“1)/2

Bs & (LPy+1)2

B £ (LPs—z—1)/2
Br 2 (LP3—z+1)2
Bs & (LPy+2z—1)/2
Bo & (LPy+2z+1)/3

fie
tafp

@81
(82)
83)
(84)
83
(86)
(87)
(88)
(89)
(0)

then, when primes are used to denote differentiation with respect to x, D; (i = 1,2, 3) are

found to be governed by

"~ F P {(41’% —P3) cos({x? +2B,x) -%—[sin(§x2 +2B,x)—sin({x? +28,x)

+008({x* +2B,x) +cos({x? + 2Box)] + P; cos({x* + 2 5x)

+1(1—4P3 + Py)[cos({x? +2B;3x) +cos({x? + 2ﬁ2x)]}

—~F,P, {(41’% —Py)sin({x? +28,x)— %[cos(isz +2B3x)—cos({x? +2B,x)
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+sin({x? + 2B7x) + sin({x? + 2B4x)] + P5 sin({ x> + 2B s5x)

+3(1 —4P3 + Py)[sin({x? + 2B,x) +sin({x* + 2ﬁ3x)]} o1

2
s F {%(P3 —4P2P;)[sin({x? + 2B sx) —sin({x* + 2B 4x)] -#%[cos({x2 +2f5x)

—cOS({x% +2Box) — cos({x2 +2Bex)+cos({x? +25x)]

+ P2Py[sin({x? + 28, x) — sin({x? + 2Bex) +sin({ x? + 2fox)

—sin({x?+ Zﬂsx)]} +# Pz ‘{%—[cos(Cx2 +2f,4x)+ cos({x” + 2B 5x)]
—4lcos({x? +2B¢x) + cos({x? + 2B,x) + cos({x* +2fgx) +cos(({x? + 2,89x)]}

-% {%(Ps —4PiPy)cos({x? + 2 4x) —cos({x* +25x)]

2
+ % [sin({x? +28,x) —sin({x? +2B¢x) —sin({x> + 24x)
+sin({x? +2Bgx) + P31 P;[cos({x? +2Bgx) — cos({x? +2f4x)
+cos({x? +2B¢x)—cos({x* + 2B7x)]} —FPiz ! {%[sin({x2 +2B,4x)
+sin({x? + 2 sx)] —1[sin({x? + 2Box) + sin({x* + 2 fgx)
+sin(¢{x? + 2f,x)+sin(¢{x? + 2[36x)]} +# {%{sin({x"‘ +2B,4x)
+sin({x? +2B5x)] — %z “1eos({x? +2B,x) — cos({x? +2B5x)]
+%z‘ Heos({x? + 285 x) — cos({x* + 2Box) +cos({x? +2B¢x)

—cos({x?+ 2[37x)]} + % {%[cos((x2 +2B.4x)+cos({x? +2B5x)]

——Péiz “sin({x? +2Bsx)—sin({x? +2B.x)] + %—z‘ Ysin({x? +28,x)

—sin({x? 4 2Pgx) +sin({x? + 2B¢x) — sin({x? + 2ﬁ8x)]} z#0 92)

D ~ # {%(— 1+4P3)[cos({x? +2B,x)+cos(Cx? +2Bsx)]

2
- %[sin{(jx2 +2Box) +sin({x? + 2Bgx) —sin({x* + 2,x)

—sin({x? +2B¢x)— P} P;[cos({x* +2B¢x) +cos({x* +2f,x)
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+cos({x? +2Pgx) +cos({x* + 2ﬁ9x)]} +# P37} {%[sin({xz +2B5x)
—sin({x? + 2B,4x)] — 3[sin(x? + 28, x) — sin({x2 + 2B6x) +sin({x? + 2Bx)

—sin({x? + Zﬂsx)}} - %, {%( — 1+ 4P} [sin({x? + 2B ,4x) +sin({x* + 285x)]

- }; [cOS({x? +2B6x) + CoS(Lx2 + 2+x) — cos({x? + 2fgx)

— cos({x? +2Box)] — PPy [sin({x + 2Bx) + sin({x? + 28gx)
+in(Cx? + 2B,%) +sin((x? + 2ﬂ6x)]} — F P2z {4cos({x? +2B4x)
— cos({x? +2B5x)] — [cos({x? + 2Bgx) — cos({x? + 2B,x)

+cos({x? +2B¢x) —cos({x? + 2,873:)]} +# {%—z ~sin(¢{x? +2B4x)
+sin(dx2 + 2B5x)] +L[cos((x? + 2B 4x) — cos((x? +2Bsx)]

- giz ~1[sin({x? +2Box) +sin({x? +2Bgx) + sin((x? +28x)
+sin(Cx?+ Zﬁéx)]} +F {%’-z— cos({x? +2B4x) +cos({x? +2B5x)]
+4{sin({x? +2Bsx) —sin({x? +2B,x)] — -I-;iz “eos({x? +2B6x)

+cos({x? 4+ 2B7x) + cos({x2 + 2Bsx) +cos({x% + 2B9x)}} z# 0. 93)
Furthermore, Dyx) (i = 1, 2, 3) must satisfy the initial conditions
D=0, D=V, (=123 (94)

[The reason for taking D(0) (i = 1,2, 3) equal to zero is that no loss of generality results
from regarding B* as initially coincident with point 0 (see Fig. 1), since the choice of point
0 is arbitrary.]

The solution of equations (91}-(93) can be expressed in terms of certain functions
related to Fresnel integrals. The functions to be employed are defined as follows:

a_1 (rcosu
Calw] 2 s fo S du (95)
1 W sin u

A | 2%
S,[w] & Jom )y Ju du (96)
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NK: 2 b? 1
Cla, b, x) = [%\/(E)(ax-kb)jl {cos(; Cz[a(ax+b)2]
. [b? 1 1
+sm(— Szl:—(ax+b)2:|}——sm(ax2+2bx) a>0 o7
a a 2a
2
S(a, b, x) & Iil\/(i)(ax+b):| {cos (Z)Sz[l(ax+b)2:|
2av\/\an a a
o gt [+ gt
—sin{—|C,| —=(ax+b) +— cos(ax? + 2bx) a>0 (98)
a a 2a
2 2
Cya, b,x) 2 \/(1) {cos b—)Cz[l(ax+b)2] +sin b—)SZI:l(ax+b)2]} a>0 (99)
2a a a a a

b—z) Cz[l(ax+b)2:|} a>0 (100)
a a

2
S,(a,b,x) 2 \/(2% {cos(%)SZE(ax+b)2] —sin

C*(a,b,x)—A—J f cos(au® + 2bu) du dv
0 v

= C(a, b,x)—C,(a, b,0)x—C(a,h,0) a>0 (101)
S*(a, b, x) £ f f sin(au? + 2bu) du dv
0 Y0

= S(a, b, x)—S,(a, b, 0)x — S(a, b, 0) a>0. (102)

Two successive integrations of equations (91}93) and use of equations (94) now lead
to the following expression for D, D, and Dj:

P
D, = #P, {(4P§_'P3)C*(C’ﬁla x)— —ZE[S*(C, B2, x)—8*{, B3, x)+C*({, B7, x)

+C*({, Bo, X)]+ P3CH(C, Bs, x)—3(1 —4P5+ P)[CH(, B3, )+ C*((, Bo, x]}

— %P {(4P§ — Py)S*(, By, X)—%[C*(C, B3, x)—C*(E, B2, x)+ 8, B, x)

+8*(, By, X)+ P3S*((, Bs, x)+3(1— 4P+ P3)[S*((, B2, x)+ S*(, ﬂs,x)]}

+Viex (>0 (103)
D, = 91{%(P3—4P§P3)[S*(C,ﬁs,X)—S*(C, B4, x)] +%%[C*(C, Bs,x)—C*(, Bs, x)

—C*({, Bs, )+ C*(, B7, X)] + PIP3[S*((, B+, x)— S*(, Be, )+ 5*(C, Bo, x)

—S*(C, Bs> x)]} +F P! {%[C*(C, Bas X)+C*(, Bs, x)] =3 C*(C, Bs, X)

+ C*(C, ﬂ7, x)_c*(59 ﬁs, x)+ C*(C’ ﬂ9s X)]} _372 {%{PS _4P%P3)[C*(C’ ﬁ4’ x)
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—C*(, Bs, x)] +%i{8*(§, B, x)—=S*(C, Bs, X) =S¥, Bo, X)+ S*(, B, x)]
+PIP[CH, B, x)— C*L, Bo, )+ C*(C, B, X) — C*(C, B7, X)]} ~F P!
X {%ES*(C, Ba, x)+8*(C, Bs, )] —2[S*C, Bs, x) +S*(, Bs, x) + S*(, B, X)
+5%(, Bs» X)]} +# {%[S*(C, Ba, x)+8*(, Bs, x)] *%Z“ [CX(C, Bas )
—C*C, Bs, x)] +}—}Z“ C*(C, Bs, X)— C*(L, Bo, )+ CX((, B, )~ C*(, B5, X)]}
+%§%[C*(€, Ba» )+ C*(, Bs, x)] —%—Z THS*E, Bs, x)— S*(C, Bay X))
+%Z"‘[S*(€, B, x)—8*(, Bs, X)+8*(, Bo, x)— S*((, Bs, x)]} +hex (>0 (104)

D; ~ %, {5}(—- 1+4PY[CHE, B4, )+ CH(C, ﬁs,xn—ffmc, B, X)+S*L, By, x)
—S*((, B, X)— S*C, Bs, ¥)]— PIPS[CH(, Bs, X)+ CHL, b7, 1)+ CX(, ﬂs,x)+c*(§,ﬁg,xn}
+ﬁ;2*%mmﬂﬁn S*(C, Bar )1~ S*C, B7, ) — S*(C, Bs, ) +S*(C, Bo, %)
—Sﬂamhn§ aﬁ{m(1+4P)ﬁﬂ&ﬁuﬂ+sﬂaﬁyx]~—{CﬁiﬂmX)

+CHL, By, %) — C*(C, Bss X)— C*C, By, X)]— PIPY[SH(C, By, X)+5*(C, B, X)
+s*<§,ﬁ7,x)+8*<c,36,xn}-~ P} “{%C*(c,m,m CH({, Bs» X))

—[C*(C, By, x)— CHL, Bo, X)+ CHE, Bs, %)~ CH({, Bv,x)l}
+%{3‘%?@ﬁhm+ﬁmﬁam+ﬂ@ﬂﬁhﬂ C*(, Bs, X)]

_%Z- 1£S*(Ca 399 X)+S*{C, 383 X)+S*(C, B’J& X)*'}'S*(C, ﬂfi, x)]}
+% {%Z" CHE, Bas )+ C*E, Bs, )] +3IS*(C, Bs, X)— S*(C, Ba, X))

—E‘Z“’{C*(C, B, x)+ CH(, B1, x)+ C*(, Bg, x) + C*(C, ﬁg,xn} +Viex (> 1. (105)

Equations (103)-(105) are valid only for { > 0. To deal with { < 0, parameters [ and
Bdi = 1,...,9) are introduced as

{2 -f, B2-p (i=1..,9 (106)
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which permits one to express the solution to equations (91)-(93) satisfying equations (94)
as follows:

- P. - - -
D, = # P, {(4‘?%_P3)C*(C9th)—"‘2‘3'["‘S*(€, B2, x)+S*(C, By, x)+ CHE, By, x)
+ C*(C,B9’ X)] + PSC*(EQ BS! x)+'2L(1 “4Pg + P3)[C*(Ea B3 3 X)+ C*(Z; 323 X)]}

= P = . -
"%PI {_(4P§"P3)S*(C’ Blvx)“'z—a[C*(C, B3,X)~“C*((:, 182,36)‘3*(5, B'f»x)

*’S*(z, B9’ x)]-P3S*(E’ ﬁ5,X)—‘%‘(1‘-—4P§+P3)[S*(E,Bz, JC)+S*(Z, B?nx)}
+Viox (<0 (107)

D, % F, 1Py —4PTPAL-S*C Beo) +SHE Bar]+ SLECHCE B O o)
—C*({, Bs, x)+ CH(, B7, )] — PP [S*(C, B4, x)— S*(. P, X)+ S*(, Bg, )
S4B, xn} + PR {%[c*a:, Bar )+ CHC, Bor 0] —HCHC, Bor )
£CH B x)+ CHE By 04 C*C. B, xn} - z{%m —4PIPYICHCE B )

— CC Ber 91— SIS By, )= S¥C. Bor )= S*C. Bon 0+ S%C, B, )

4 PIPLCHC, Bar ¥)— C*C, Bo 90+ CHC, B x) = C*C, P, xn}

~FHP3z! { S, Ba, x)+S*(, Bs, x)]+4S*(C, Bs, )+ S*(, Bs, x)

+5%C B )+ S*C, 36,x>1}+%{-%[s*@, Bar3)+5%C, B X1~ 27 1CHC B
B0+ 2 O By )~ O B+ B~ B0l

+% {%[C*(f, Ba, x)+C*(, Bs, x)] +——~Z' '[8*(C, Bs, x)—S*(C, Ba, X))

-*-Z—?Z- 1[S*(:9 B79 X)"‘*S*(C B65 X)"{‘S*(E, EQ’ x)—S*(z 561 X)]}
+V20x i <0 (108)

Dy =# { (=1+4PPIC*(E, B, )+ CH(C, Bs, )] + 1[3*(5 Bs, x)+S*E, B, x)]

“"S*(C, 57, x)"'S*(C, B(ia x)]_P%PES[C*(E’ BG, X)'f“C*(C, B?a x)+C*(E; 38! X)
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+C*(¢, Bg,xn} +# Pz {*%[S*(f, Bs,x)—S*(, B, )1 +3{S*(C, B+, x)
_S*(€9 Béﬁ X)+ S*(Z” BQ» X) —S*(‘f, 583 X)]} M‘% {— %(_ 1 +4P%)[S*(Zs B49 X)

2
+S*(C5 BSﬂ X)] "%[C*(Z, ﬁﬁ’ x)+C*(Z7, x)mC*(& ﬁ87 X)—C*(E,B9, X)]

+ P%P3[S*(z, BQa X)+S*(E, BS’ X)+S*(Z, B?’a X)+S*(Z, 565 X)]}

~ FP3HBICHE B ) O By 21— HCHC, o, 9~ CHC By )
+ OB~ C B 1 {25 9, B4, )
I Bo )~ Bs, 01+ 2227 US¥E, B, 0 +5%C, Bay 91+ 5%C, By,
#SC,Bos 1} + {2 CHC B 0+ O B 9] S, B

_S*(C9 549 X)] —’%Z— I[C*('f, 369 X)+ C*(& B?& x)+C*(C: Bss X)+ C*(C, ﬁQa X]}

+Viex (<O, (109)

Finally, for { = 0, the solution to equations (91}-(93) that satisfies the initial conditions
in equation (94) is
2

D~ #P, {(4}% - Pz.)(";) — S (B2, %)= 5B, 1)+ CH(B, )+ C*B, )]

+P3C¥(Bs, x)+3(1 —4P3 + P3)[C¥(B3, x) + C*(B,, x)]} — %P {—%[C*(ﬁs,x)
—C*(B,, x)+ S*(B, X)+ S*(Bs, x)] + PsS*(Bs, x)+3(1 —4P5 + P3)[S*(B,, x)
+S*(,33,x)}} + Viox {110}
D, ~ 5“'1{%(1’3“41’??3)[5*(!35, x)—8*(Ba, x)]+%i[0*(ﬁs, x)—C*(By, x)
—C*(Be, x)+ C*(B7, x)] + PTP3[S*(B7, X) — S*(Bs, X) + S*(Bo, x)— S*(Bs, x)]}
+9"1P§Z”1{%[C*(B4,X)+C*(ﬂs, x)] —4[C*(Bs, X)+ C*(B7, x) + C*(Bs, X)

+C*(Bs, X)}} -% {%(Ps —4P{Py)[C*(B4, x)— C*(B5, X)] +%[S*(57, x)

—S8*(Be, x)— $*(Bo, X) + S*(Bs, X))+ PIPs[C*(Bs, x)— C*(Bs, x) + C*(Bs, %)
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s, xn} ~FP IS+ 0] S0+ B,
+s*<B7,x)+s*(ﬁ6,x]}M{Z[S*(m, )+ 84 (B, ]~ 22 [CHB4
=X O 0= CB )+ B )=
+ FHCH a1+ CH ] 37 IS )= 9] + 2~ (57
—S*(ﬁs,x)+s*(ﬁg,x)_S*(ﬁg,x)]} + Vy0x z#0 (111)
D, = 7, {5}(—— 1 +4PICH B0+ CH{Ba X0~ AIS¥(Bo, %)+ S¥(By. 5)—S¥(61.)
=SB ]~ PIPACH B 1+ CY B0+ CY(By 0+ C B )
73 S e )= B XM B, )= ¥ )+ (B0,
—5*(ps. x)}} -7 {%{ PSP B, )+ (B, ] LB )
¥ (B,3) = C¥ (B x) = CH{Bo, X)) PIPAIS (B, 1)+ S*(Ba ) +S5(B7, )
+s*<ﬁ6,x)1} #2P3 BBy, 0~ CH B 9~ HCH B 11— C (o

Py
+C*(ﬂe,X)-C*(ﬂ7,X)]} + A {*"I[S*(BMXHS* (Bs, x)) +3{C*(Ba, x)

P.
—CH(Bs, X)) = 2227 IS Bo, X)+S* (B, X)+ Sy, )+ S*(Bes x)]}
*% {Pa MI{C*U}:& x}+C*(Bs, x)]+2[3*(ﬁ5 x)—S8*(B4, x)]

3 27 [C*(Bs, x)+ C*(B4, x)+ C*(Bg, x)+ C*(Bsy, x)]}"‘Vaox z # 0. (112)
where the functions C*(f;, x) and S*(8;, x) are defined as

C*B,, x) 2 J: f: cos(2Bu) du dv

4,82[1 —cos(2f,x)] i=1,..., 9) (113}
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and

Il

S*(8;, x) J: J: sin(2fu) dudo

sin(z/zix)+5xﬁ i=1,...,9). (114)

In summary, given the dimensionless parameters Q,, Q,, L, z, x, #;, %, and V,,
{i = 1,2, 3), one may proceed as follows to evaluate D, D, and D,

1. determine P, and P, by reference to equations (73);

2. use equations (81)-(90) to evaluate { and B, (i =1,...,9);

3. if { > 0, evaluate D, D, and D; by reference to equations {103)-(105) together with
the definitions in equations (101) and (102);

4. if { >0, form { and B, (i = 1,...,9) by using equations (106), then find D,, D,
and D, from equations (107)-(109), using the definitions in equations (101) and (102);

5. if { = 0, determine D,, D, and D, by using equations (110)-(112) together with the
definition in equations (113) and (114).

Once again we turn to the computer to obtain a measure of the accuracy of the solu-
tion just obtained. In choosing parameter values for this purpose it is well to keep in
mind that the approximate solution was generated by using approximate expressions
for ¢;; (i,j = 1,2, 3), which suggests that the magnitudes of z and x bear directly on the
accuracy of D, D, and D, ; that is, one must expect the discrepancies between the approx-
imate and the exact solution to grow as z and x increase.

Figures 6--10 each show D, D, and D, plotted as a function of x. Numerical solutions
of the exact equations of motion are represented by solid curves, while values obtained
by using the approximate solution are represented by crosses. In all cases, B* is presumed
to be at rest initially.

Cursory examination of Figs. 6-10 leads to the immediate conclusion that the approx-
imate solution furnishes qualitatively correct results in all cases and that, as expected,
quantitative discrepancies increase as x increases. The effect of increasing z can be
assessed by comparing Fig. 7 with Fig. 9. As for the effect of other parameters on accuracy,
this appears to be negligible ; that is, for a given value of z, the accuracy of the approximate
solution is independent of the values of Q,, Q,, %, %, and L.

Figures 6-10 also permit one to explore the effect of parameter values on the nature
of the translational motion. Consider, for example, the parameter L, which characterizes
the inertia ellipsoid of the body. Figures 6 and 10 suggest that the mass centers of bodies
possessing differently shaped inertia ellipsoids must be expected to follow markedly
different trajectories. The force level, on the other hand, plays a relatively minor role as
regards the shape of the trajectory, as may be seen by reference to Figs. 7 and &, which
show that, although the values of %, and %, used to generate Fig. 8 are twice as large
as those for Fig. 7, the trajectories followed by the mass center are almost identical. This
is not to say, however, that the force level is totally irrelevant to the motion. On the
contrary, as shown by equations (103)(105), (107){109) and (110)}(112), D,, D, and D,
are directly proportional to the magnitude of the applied force F, since #, and %, are
proportional to this quantity; and this proportionality is, in fact, the reason underlying
the similarity of Figs. 7 and 8.

1
ap;
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Exact solution

x X x Approximate solution

F1G. 6. Comparison of solutions for position coordinates of mass center. Q; = 1.0, Q; = 0, z = 001,
L=90,#%=024%=02V,=0(=123)

Exact solution

x x x Approximate solution

F1G. 7. Comparison of solutions for position coordinates of mass center. Q; = 0-70711, Q; = 0-70711,
z=00l,L=90,% =02, % =02, ¥,=0(=1,223)
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2a

Exact solution

X x x Approximate solution D,

FiG. 8. Comparison of solutions for position coordinates of mass center. Q; = 0-70711, Q, = 0-70711,
z=00,L=90,% =04, %, =04,V,,=0( = 1,2,3).

Exact solution o

X x x Approximate solution

-3

»

FiG. 9. Comparison of solutions for position coordinates of mass center. Q, = 0-70711, Q, = 0-70711,
z2=005L=90,%# =02, % =02,Vo=0(i=1,2,3).
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40+
359 Exact solution
30t x x x Approximate solution D(

) 5 10 15 T 20

Fia. 10. Comparison of solutions for position coordinates of mass center. ; = 10, Q3 = 0, z = 0.01,
L=-025%=05%=02V,=0(=123)

In conclusion, it can be said that the approximate expressions for D, (i = 1,2,3)
describe all essential features of the motion of the mass center and that the agreement
between the approximate and exact solution is such as to justify considerable confidence
in the former. Furthermore, it may be worth pointing out that this paper applies to a
somewhat broader class of problems than that covered by the title. Specifically, the
approximate solutions derived here produce good results for certain gyrostats, as will be
shown in a subsequent paper.
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AGerpaky—Ornpesensnores GOPMYsNbl TOUHBIX AMHAMHYECKMX H KMHEMATHYECKUX YDaBHERHH, YUYNTHI-
BAKOIIHX ABMXREHUA HONOXKCHHA W TPAHCIMUMM, CHMMETPHYCCKOrQ KECTKOro Tejla, HOJX BAMAHMCM Crel-
HANLHONR, CBR3aEBOM ¢ TenoMm, cunsl. V3 9Tux ypapHeHult, TONYY2I0TCA HASHTHYECKHH, O nprbmKeHnnil,
3ANHCH NOBEACHHS CUCTeMbl. CPABHUBACICH, 3aTEM, BaXHOCTE DELIEHHS NIYTEM CPABHEHUA €r0 UPEHaCKa-
3AHKI ¢ TAKHMY XKE, BHITEKASOIINMH 13 pewienns Ha LIBM TouHOTO ypaBHEeHu ABMACHAS.



